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INTRODUCTION 
In the first section of this paper, our discussion is based on a paper by 
Melvin [4]. Melvin proposed a certain set of conditions which would guarantee 
the existence of a solution for a certain operator derived from the studies of 
neutral-type functional differential equations. Our preliminary interest was to 
see whether the same set of conditions would also imply that the operator itself 
was condensing. A misprint in Melvin’s paper led to some interesting counter- 
examples. In the mean time, we present several variations along the same lines as 
his results. In each of our main theorems, the following definitions were used. 
DEFINITION 1. Let E be a metric space. Let =1 be a bounded subset of E. 
Define 
X(.4) -= inf(d > 0 1 the set 4 admits a cover consisting of finitely many 
subsets whose diameters are less than d}. 
X is called the Kuratowski measure of noncompactness in E. 
Remark. X satisfies the following monotonic properties: 
(1) X is invariant under the transition to the closed hull or convex hull of 
any QCE; 
(2) X is semiadditive, i.e., for any R, , R, C E, 
xPI u Qd - m4xPA xPd>; 
(3) X is continuous, i.e., for each Q C E, E > 0, there exists a V, = 
[(x, v) 1 11 x - y  /j < 6) such that for any 52, C E which is V6-close to Q (i.e., for 
each rr E Q, , there exists 4’ E Q such that I( T - y  11 < 6) we have / X(52,) - 
x(Q)1 -=c 6; 
(4) X is l-regular, i.e., X(Q) = 0 3 X is precompact. 
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DEFI~I~II~S 2. If  ,!$ , E., are metric spaces and F’: f!i + E, , then fi’ is said 
to be corrr/ensi/g with respect to ,y if for each bounded, noncompact suhsct 
OCE,, WC ha\-e x(F(*(2)) < x(O), provided F is continuous. 
F is said to be O-condensing with respect to x, for some 0 ::: 0, if for each 
bounded subset R of E, , we have x(F(B)) .-‘Z &y(n). and F is continuous. 
In the second section, we deal mainly with the continuit!. of fixed points of 
condensing operators with respect to parameters. 1\‘e need the following defini- 
tions for our main results. 
DEFINITIOS 3. Let El be a Banach space, ;1 a subset of a Banach space E, 1 
we say a multifunction F: .;I - El is upper semicontinuous at X, E ‘4, if for each 
open set G in El containing F(h,), there exists an open neighborhood I’(,\,) of 
A, in E2 such that F(I:(h,) n A) C G. 
DEFINITION 4. F is upper semicontinuous 011 11 if it is upper semicontinuous 
at each X, E ~1. 
As far as the results themselves were concerned, we found that, in almost all 
the cases, the set of fixed points were upper semicontinuous with respect to the 
parameters. 
Applications of the results of both Sections 1 and 2 are given in Section 3. 
1. EXISTENCE OF .4 FIXED POINT OF CERTAIN OPERATORS 
The following problem arises from the consideration of neutral-type func- 
tional differential equations. 
Problem. Suppose r is a closed bounded convex subset of Banach space .Y, 
Q an operator from r into a Banach space I’. Suppose further that G: r I 
Q(T) - r. Let H(x) = G(x, Q(x)). Th e ro p bl em is under what conditions is H 
condensing. A1 partial answer is given by the following theorems. 
THEOREM 1. Suppose r is a closed bounded convex subset of a normed space S, 
and Q is an operator from I’ into a normed space Y. Suppose further that G: r 
Q(r) --, r is continuous and satisfies the following conditions. 
(i) G(.Y, 1’) is &condensing (0 .< 0 < cx) in x, for each y  E Q(r). 
(ii) G(.v, y) is uniformly continuous in y  E Q(r), uniformly with respect to .I 
in r. 
(iii) Q is completetjt continuous. 
Then H is &condensing. 
h’ote. If  0 3 I, then H may not have a fixed point. 
In order to prove Theorem 1, we need the following: 
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LEMM.4 2. Suppose -8? IS a normed space and Z is a tota& bounded subset of a 
normed space Y. Suppose G: 9 x Z + A’ is continuous and satis$es the following 
conditions: 
(i) G(s, y) is 0-condewing (0 -<, 0 < “c) in S, for each y  in Z; 
(ii) for each bounded subset B C X and for each x in B, G(.v, y) is uniform14 
continuous in y  E Z, uniform!v with respect to s in B. 
Then x(Uez W, Y)) < ox(B). 
Proof. By the given conditions, for each x E B, G(s, y) is uniformly con- 
tinuous in y  E Z. Thus for each E > 0, there exists a 6 > 0 such that 
11 G(.v,yl) - G(x, y,)lI < E whenever llyl - yr 11 < 6. By condition (ii), we may 
choose S to be independent of X. Now divide Z into a finite number of subsets 
Zj , 1 -2 i < k < $KJ, each of diameter <S. Consider Zi . Pick an arbitrary 
element xi in Zi . Then by (i) x(G(B, A,)) < 0x(B). For each arbitrary q > 0, let 
{Alf,..., =If,,,j be a finite cover of G(B, xi), each of diameter < 0x(B) + 7. For 
each s I: uUEz, G(B, y), we claim d(s, G(B, xi)) < E. This can be seen by the 
following argument. Since s E (JUEZl G(B, y), it follows that s E G(B,y) for 
some y  E Zi . Thus X = G(b, y) for some b E B, and 11 x - G(b, /Ii)11 = 
!! G(b, y) - G(b, x,)11 < E. Hence, d(x, G(B, A,)) < E. This implies that 
d(s, .Jj’) < E for some j. Let 
Then uflf: zi = UYEZi G(B, y), and diam(-$) < diam(&qj’) + 26, for 
1 <jSz l(i). Thus for each 1 < i < k, 
= max {x($)J 
lfjQ(i) 
,” ~ 
But the x-values are independent of E and 7. Hence, for 1 < i .< h, 
XKLZ‘ G(B, y)) < &y(B). Consequently 
x (;J W, Y,) = x (; G(B, ii,)) 
i=l 
= y<$xWR Zd): 
< ox(B). 
This completes the proof Lemma 2. 
Proof of Theorem I. For each subset B C r, by assumption, Q(B) is compact. 
By Lemma 2, x(G(B, Q(B))) ::z ox(B). S ince {G(s, Q(x)) i s E B) C G(B, Q(B)), 
it follows that x(G(s, Q(x)) s E B) -1; 19x(B). Hence, by definition, G(s, Q(s)) 
is o-condensing. This completes the proof. 
COROLLARY 1.1. In addition to the hypothesis of Theorem 1, suppose that both 
X and I- are Banach paces, and that 0 z.2 6’ < 1. Suppose further that r i.s a 
closed, bounded, convex subset of S such that G: r x Q(F) + I’. Then 
.T z G(s, Q(x)) has a soZution in I’. 
Proof. By Theorem 1, G(s, Q(x)) is condensing in lY By Sadovskii’s Fixed 
Point Theorem, .v = G(s, Q(s)) h, as a solution in r. This completes the proof. 
THEOREM 3. Suppose S is a normed space and 0 is an operator with domain S 
and range in a normed space I-. Suppose further that G: X Y o(X) 4 S is 
continuous and satisjes the following conditions: 
(i) G(s, J) is &-condensing in x, for each y  E Q(X); 
(ii) for each bounded subset B C A*, and s E B and for any y1 , y2 E Q(B), 
we have 
1; G(s, yl) - Gfs, y2)!l < I’ p1 - x2 I:; 
(iii) ,O is &condensing. 
Then G(.v, Q(x)) is 8, + 20,-condensing. 
Proof. Let B be an arbitrary bounded subset of ,ri. By definition, for each 
9 > 0, there exists a finite corer {C, )..., C,) of Q(B) each of diameter < 
x@(B)) 1 v  < &x(B) + 7. From each Ci, pick an arbitrary element xi . 
Then, by assumption, x(G(B, xi)) .< Q(B). Ag ain, by definition, for each 6 I:. 0, 
there exists a finite cover {/lIti,..., -4ir,J of G(B, &) each of diameter -*:x 
x(G(B, xi)) f  6 < 0,x(B) -1 7. We claim for each Y E G(B, Cd), d(x, G(B, A,)) ::z 
$x(B) L 7. This can be seen from the following argument. Since x E G(B, C,), it 
follows that s ==-G(b, y) for some b E B and J’ E Ci. By (ii), 11 x - G(b, li,);\ = 
I/ G(b, y) - G(b, &)I] < I/J’ - x 1~ < diam(CJ < 0,x(B) + 7. Hence d(x, G(B, xi)) 
< &x(B) mTm q. This implies that d(x, L4ji) < 0,x(B) + 7 for some j. Let 
A$ x Jj” u {x E G(B, Ci) / d(x, A3 << BzX(B) + q>. 
Then I ?;‘i I- I/;.., $,J is a cover of G(B, CJ. Furthermore, for each 5 > 0, and for 
each s E =lji, there is a z E --fji such that I/ .1: -- z/I I< d(x, i2,i) + [. Thus if 
Xl , L x2 E :iii, then there exist zr , z, E Aji such that /I s, - z,~ // < d(s,,, , =lj’) +- {, 
m = 1, 2. RIoreover, 
‘I .q - x2 II < I/ x1 - z1 I/ + II z1 - x2 /j + 11 x2 - z2 11 
< 4.q , ,4$) + diam(Aji) + d(x, , A,i) + 5 
:< 20,x(B) + 2~ + 0,x(B) + 8 + 26. 
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Hence dizm(.$) < (6, + 219s) x(B) + 27 + 6, since 5 is arbitrary. Thus, for 
each i == 1,2 ,..., k, 
< (fl, + 24) X(B) + 277 + 6. 
Since the x-values are independent of 71 and 6, it follows that for each 
i = 1, ‘,..., k, 
Consequently, 
Thus for each bounded subset B C X, since {G(.v, Q(x)) j x E B} is a subset of 
G(B,Q(B)), it follows that 
xW(xt Q(4) I x 6 3 G (4 + 24) x(B). 
Hence, G(JP, Q(x)) is r9r + 20,-condensing. This completes the proof of the 
theorem. 
COROLLARY 3.1. In addition to the hypothesis of Theorem 3, suppose that both 
X and Y are Banach spaces. Suppose further that r is a closed, bounded, convex 
subset of X such that G: r x Q(r) -tr,andthatO~8,+28,<1,0,<Bi, 
i = 1, 2. Then x = G(x, Q(x)) bus a solution in I’. 
Proof. By Theorem 3, G(x, Q(x)) is condensing. By Sadovskii’s Fixed 
Point Theorem, .r = G(x, Q(x)) has a solution in r. 
Remark 1. The above theorems were motivated by the paper [4]. In fact, 
our preliminary endeavor was to see whether the hypotheses of Theorem 1.1A 
of [4] imply that G(x, Q( x )) is condensing. Theorem 1.1A of [4] says the follow- 
ing. Suppose I’ is a closed, bounded convex subset of a Banach space X, and Q 
is an operator with domain r and range in a Banach space Y. Suppose further 
that G: I’ y: Q(r) + r and satisfies 
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(i) G(s, J) is a contraction in s for each J EQ(~); 
(ii) G(x, J) is continuous in J’ E Q(r) (relatil-e topology), uniformI!- with 
respect to s E r; 
(iii) Q is completely continuous. 
Under these conditions .Y := G(s, Q(X)) h as a solution in r. =\n interesting 
question is: will the same result hold if Q(r) instead of Q(r) is used ? In the 
following counterexample, we will construct an operator which satisfies all the 
hypotheses of Theorem 1. IA of [4], with Q(r) replaced by Q(r), but fails to 
have any fixed point. 
COUNTER EXAMPLE 1. We will construct r as follows. First, we define 
T: I” --t E2 by letting TX = ~~=, x,Te, for each IC = (x1 , X, ,..., .Y,! ,...) E 12, 
where Tei is defined by Tei s (1 - (l/2’)) ei , for each i = 1, &.... Clearl! 
Also TX is uniquely defined, since the above representation is unique. It is 
easy to see that T is linear, l-l, continuous, and surjective. Therefore, by the 
Inverse Mapping Theorem T-l exists and is continuous. Consequently, T is 
a homeomorphism. Now, let 
B,+(O) = {x == (xi) E 1’ / 11 x /) < 1 and xi 3 0, i = 1, 2 ,... >. 
Then B,+(O) is closed, convex, and bounded. Define r = T(B,+(O)). Clearly r 
is also closed, convex, and bounded. Note that for each x E r, Ij s 11 < 1. 
Next, we define Q: r-t R, by letting Q(X) = I/ s 1) for each x E IY Then 
Q(r) = [0, 1). Thus Q is completely continuous. Define G: r ‘< ([0, 1)) + r 
as follows. For each (x, r) E r 1: ([0, l)), let G((x, Y)) q = 0 . x + Q(Y) where Q(Y) 
is defined in the following manner. I f  Y  =: 0, let Q(0) = (1 - (l/2*)) e, . I f  
Y  = 1 - (l/2”), n = 1, 2 ,..., then let 
Q (1 - 4) = (1 - A) enc2 - 




for some integer n > 0, then there exists a unique E(Y), 0 < a(r) < 1 such that 
r=(l-- 4y)) (1 - 4) + 4y) (1 - &) - 
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In this ca.se, we define 
Q(‘) = ((l - A) coS (4Y) +)) en+2 t (( 1 - -&) sin (a(r) t)) en+. . 
Then & is continuous, but fails to be completely continuous. The operator G 
thus defined satisfies the conditions (i), (iii) of Theorem l.lA of [4], and also the 
condition : 
(ii’) G(x, y) is continuous in y  E Q(r) (relative topology), uniformly with 
respect to x E r. 
Now, we show that G(x, Q(x)) does not have a fixed point. Suppose otherwise. 
Then there exists an x E r such that G(x, Q(x)) = &Q(x)) = x. From the 
definition of $5, it follows that 
&-= l- i( &) COS (a(y) T)) en+2 + (( 1 - A) sin (a(y) 5)) en+3 
for some integer n >, 0, and some real number 0 < 01(y) < 1. Therefore, 
Let /3 = ~~(11 x 11). Then 0 < /3 < 1 and 
x = (1 - @) (I -&) +B(l-A,. 
Thus 
(( 1 -- &) cos (4~) f)) en+2 + ((1 
‘v 
= G&t, Q(x)) 
= &(QW 
= &(I x 11) 
= (( l - &) cos (P +)) en+, -1 ((1 -&)sin(B$))~+5~ 
which is impossible unless all the coefficients are zero, i.e., 
- &) sin (4y) f)) en+3 
cos (4Y) T) = sin (a(r) $) = cos (a $) = sin (p T) = 0, 
which is absurd. This shows that G(x, Q(x)) does not have a fixed point in r. 
In tfze above erample, G actualI\ satisfies ;I stronger condition, i.e.. it is a 
contraction in the first variable uniformly with respect to the second variable. 
That G fails to have a fixed point is due to the fact that G is not uniformly- 
continuous in the second variable. 
Now-, let us ask ourselves another question. Under the same hypotheses of 
Theorem 1.1 B of [4], suppose G is uniformly continuous in the second variable 
(in the relative topology) uniformly with respect to the first variable. Suppose 
further that we do not require that the contraction of G in the first variable be 
uniform with respect to the second variable. Then does G(x, Q(X)) have a fixed 
point? The answer is again negative as illustrated by the following counter- 
example. 
COWTER EXAMPLE 2. Let r, Q and & be as in the previous example. 
Define, for each 0 < Y < I, and for each x E r, G(.r, r) L- KY $- (I - r) &(r). 
Then we have the following observations. 
(I) For each r, G is a contraction in X. But this contraction is not uniform 
with respect to the second variable. 
(2) We note that for each .L’ E r, G is uniformly continuous; and this 
continuity is uniform with respect to the first rariable X. To see this, let 
I;;(s, r) = TX. Then F’r is uniformly continuous in r, uniformly with respect 
to s, since for each x E r, 11 x /) < I. Let F~(.Y, F) = (1 - T) Q(r). Then F2 is 
continuous, since both (1 - r) and &( ) Y are. Furthermore j/(1 - r) Q(Y)!/ < 
/I( 1 - r)l! which tends to 0 as Y  tends to 1. Let 
p2(y) = F.&), O<r< 1 
= 0, Y 1 1. 
Then I’, is continuous over the compact set [0, I] and hence uniformly con- 
tinuous. Co;sequently, F2 itself must be uniformly continuous in Y, uniformly 
with respect to X, since fia is obviously independent of X. 
However, G(x, Q(X)) d oes not have a fixed point. Suppose otherwise. Then 
there exists an x E r such that x -= G(x, Q(X)), i.e., x = (1 .X 11 x + (1 - )/ .v 11) * 
&(I1 x Ii), or .t’ = &(\I x 11). Suppose that 1 - (l/P) ,( 11 .Y 11 < 1 - (1/2”+l), and 
llL~/i -(I -B)jl--4) t/3(1---&) 
for some integer n > 0 and 0 < ,6 < 1. Then 
octr ’ I!) = (’ - &) cos (B +) e~+2 + (, 1 - &) sin (a %) en+a , 
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which means 11 &(I\ x 11)\1 < 1 - ( 1/2”f2). Th us we have the following contra- 
diction: 
l- &f > il s ii = il$(li x IiN 2 1 - T& . 
Hence no fixed point exists for G(x, Q(X)). 
The trouble of the above example lies in the fact that G(s, .) may not be 
defined outside Qfl This can be remedied by requiring that G(x,J) is 
continuous in -1’ E Q(r) for each x E r. 
2. CONTINUITY OF FIXED POINTS WITH RESPECT TO PARAMETERS 
In this section, we will consider the following type of problem. Suppose r is a 
bounded, closed, and convex subset of a Banach space Er , fl is a subset of 
Banach ,space E, . Suppose T: r x A + Er has fixed points for each X. Then 
under what conditions will these fixed points be continuous with respect to the 
parameter h. LIgain, we can only provide a partial answer. 
Related results were obtained by Hale in [2] and by Artstein in [S]. The results 
in [l] were obtained independently of those in [2] and [8]. 
THEOREM 4. Suppose that X and G? are complete metric spaces, A is a subset 
of %, r is a closed bounded subset of A’, and T: r x A --t X is a given mapping 
satisfyiq the following conditions. 
(i) T(., h) is continuous for each h E A and there exists a subset A, C A 
such that for each A,, E A, , T(x, A) is continuous at x, A,, for each x E r; 
(ii) for each h E A, the equation x = T(N, A) has a solution in r; 
(iii) for eaeq r’ C r, x(r’) > 0, there is an open neighborhood B = B(Z”) 
of A, , such that for any precompact set A’ C A C B, zue have x(T(r’, A’)) < 
x(0 
Then F(h) is upper semicontinuous at each A E 11, , zehere for each ii E /1, 
F(X) = [.v E l- ) s == T(.r, A)). 
AOOJ’. Suppose F is not upper semicontinuous at some X, E A,, . Then there 
exists an open set P containing F(h,) such that, for each S > 0, there exists a 
hs E ~1 with d(A, , &,) < 6 such that F(X,) tJ? 6. Choose 6, > 6, > ..., with 
(6,) + 0. Then there is a sequence (X6*), as above, such that (h,,) - h, . For 
each n :3 1, let sg,, E F(X,n)‘\,O. Now, let r’ =(.x6,). Suppose x(r’) f0. Choose k 
sufficiently large so that (1’ = {Xsn j n >, k} C B(P). Since /l’ is precompact, it 
follows that x(I”) = x((x$~) < x(T(I”, A’) < x(P), which is a coy- 
diction. Hence, x(P) = 0, which implies that r’ is precompact, i.e., r is 
compact. Since (x6,) C r’ C F, it follows that there exists a converging sub- 
sequence, again denoted by (x,“) such that (x6*) + x,, , for some .ro E F. Con- 
sequentl!-. ((x4,, , Acj,<)) - (x,, , A,,). Therefore, (T(.Y ,.,,, , AIYn)) A T(.Y,, , A,,). Hence, 
.\‘I) T(s,, , A,,), i.e., s,, tF(X,). However, for each IZ =m 1. 2 ,..., .v,~ E ( Since 0 I’, 
the complement of I’ is closed, it follows .xII 6 P’, 11 hich implies that .q, E F(A,,). 
Thus we have a contradiction. This completes the proof. 
COROLLARY 4.1. Suppose. 
(i) G: r ~.. .I - r, r a bounded, closed, and cowex subset of a Banach 
space El , A a subset of a Banach space E,; 
(ii) for each h E A, G( ., A) is condensing ; 
(iii) G(s, A) is continuous in h E A, uniforrn~~~ zcith respect to .V E IY 
For each A E (1> let F(X) :- {x E r s --- G(s, A)). Then F is upper semicontinuous. 
Proof. Since G(., A) is condensing, it follows by definition that G(.v, A) is 
continuous in .x for each h E il. Thus conditions (ii) and (iii) of C‘orollary 4.1 
imply condition (i) of Theorem 4, with 1.1, I-= A. 
By Sadovskii’s Fixed Point Theorem [6], F(h) F O. Hence, condition (ii) 
of Theorem 4 is satisfied. 
To show that condition (iii) of Theorem 4 is also satisfied, we proceed as 
follows. Let c be an open subset of A, and d be any compact subset of Cf. Now, 
for each Q C r such that x(Q) :, 0, we ,show that x(G(Q, A)) < x(Q). Let 
7 > 0 be given. By (iii), for each x E A, there exists a 5 = [(A) > 0 such that for 
any x E I’, )I G(s, A) - G(.r, x)11 < 77 whenever !/ A - ;\ I/ < 5. Since 3 is compact, 
we may choose 5 uniformly. Now let S’, ,..., S, be a finite cover of d, each of 
diameter <c. For each i :: 1, 2 ,..., k. pick & E Si . Let i be fised. Then 
x(G(Q, A,)) < x(Q). Let --fl ,..., Ad{ be a finite cover of G(Q, xi), each of diameter 
<x(Q). \\‘e show that for each .Y E G(R, S,), d(x, C(Q, xi)) < q. 1Ye proceed as 
follows. If  s E G(Q, S,), then s E G(Q, A) for some X E S, . Thus .V G(J, A) for 
some y  E Q. Hence iI s - G(y, xi)11 I:= 11 G(y, A) - G(y, &)I, %< q; whence 
d(x, G(Q, A,)) 5; 7. This implies d(m, -4,) r< 9 for some j E (I,..., 1;. because 
UfzzI A, =:- G(Q, /Ii). Let zl, := -=lj u (x E G(Q, S’J I d(.v, =lj) < q;, j = I, 2 ,..., 1. 
Then, clearI!-. (Ji=, Lq, = G(J2, Si). Furthermore, 
diam(dj) < diam(A,) + 217, j ==- I, 2 ,..., 1. 
Now choose 17 > 0 so small that diam(=lj) -+ 27 < x(Q). Then for each 
j = 1, 2 ,..‘I I, diam(dj) < x(Q). Hence, 
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Since this holds for each i = 1, 2,..., k, it follows that x(G(Q, 3)) < x(Q). Now, 
condition (iii) of Theorem 4 follows immediately ftom the fact that the closure 
of any precompact set is compact and the monotone property of x. This com- 
pletes our proof. 
Renzark 2. It turns out that condition (ii) of Corollary 4.1 is too strong. 
The same conclusion still holds if we replace condition (ii) by. 
(ii)* For each X E A, G(., A) is condensing with respect to a monotonic 
measure of noncompactness x on r which 
(I ) invariant under the transition to the closed hull or convex hull of 
any Q C r; 
(2) semiadditive, i.e., for any Q, , -Qe C r, x(Qr D Q,) = max{x(Q,), 
XPn,)) ; 
(3) continuous, i.e., for each J2 C r, E > 0, there exists a I,r6 = 
{(s, T) , I~ .v - \’ ~1 < 6) such that for any 52, C r which is I’,-close to Q (i.e., for 
each si E Q, there exists J’ E Q such that 11 x - T /I < 6) we have 
I x64) - xw < E; 
(4) l-regular, i.e., 
x(Q) = 0 =- Q is precompact. 
Remark 3. Corollary 2 of [2] f  11 o ows immediately from the above corollary. 
Remark 4. It also turns out that Theorem 4 holds for multifunctions. How- 
ever, in order that Corollary 4.1 holds for multifunctions, appropriate phrasing 
of conditions is necessary. 
C‘OROLLARY 4.2. Suppose that r is a closet, bounded, and c!mve.x subset of a 
Banach space E, and A is a subset of a Banach space E, . Suppose G: r 1: A - r 
satisjes tlze following conditions. 
(i) For each X E (1, G(., A) IS a condensing multifunction with convex vahes, 
closed graph, and bounded range. 
(ii) G(.v, A) is continzlous in X in the HausdorfJ metric, urziforrzzly with respect 
to s E r. 
Let F(h) =: {.I- e r ! s E G(s, A)\. Then F is upper semicontinuous. 
Proof. That F(h) f  D and is compact for each X follows from Theorem I of 
[3]. The rest of the proof is similar to that of Corollary 4.1. 
Renzark 5. The result of Corollary 4.2 still holds if G(., A) is condensing 
with respect to any monotonic measure of noncompactness x satisfying (1) (2) 
(3), and (4) of Remark 2, with the other hypotheses unchanged. 
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3. APPLICATIOKS 
We may use Theorem 4 to prove the follow-ing 
THEOREM 5. Suppose that S, 1-, Z are Banach spaces and 1’ is o closed, 
bounded, and convex subset of A’, A is a subset of Z, and h, E A is jxetl. Suppose Q 
is an operator taking I’ Y A into I; and G: r ..x’ Q(r, A) x A --f S satisjes the 
following conditions. 
__- 
(i) G(r, &(r, A), A) C r for each X E A. 
(ii) G(x, T, h) is a contraction in N uniformly with respect to ~9 E Q(r, A) 
and SEA. 
(iii) Q: r x A + Y is continuous at h, and for each /\ CA, Q(.$ X): r- 1’ 
is continuous. ,4&o fop each compact subset A’ of A we have Q(I’, A’) precompact. 
(iv) G(x, y, A) is continuous in (y, h) at each point (y, 4). 
-~ 
(v) G(x, y, h) is continuous in y  at each point (x, y, h) h E A and’ E Q(F, h) 
and x E K 
C’nder these conditions, s = G(s, Q(.r, A) h) h as a solution in r jiw each X E A 
and these solutions aye continuous in X at h, 
Proof. Define T: r > A + r by T(r, A) = G(s, Q(x, A), A). Then by (ii), 
for each h E A, T(., A) is condensing. Hence conditions (i) and (ii) of Theorem 4 
are satisfies with A, = A. That condition (iii) of Theorem 4 is also satisfied 
follows immediately from Lemma 2 [2]. This completes the proof. 
By using Corollary 4.1 of Section 2, we can show in [I], that the set of solu- 
tions of Theorem 1.4.2 [7] is upper semicontinuous with respect to the initial 
conditions. The same result holds also for the solutions in Theorem 1.4.6 [7] 
provided that the function G thereof is uniformly continuous. For the details of 
the proofs, see [l]. 
For a simple example of C’orollary 4.2, let us consider G: [0, I] [I. 21 + 
[0, l] defined by 
G(s, A) = [0, Ax], As .< I ; 
= [O, II, As > 1, 
for each .t’ E [0, l] and A E [I, 21. Clearly, conditions (i) and (ii) of Corollary 4.2 
are satisfied. Hence for each h E [I, 21, F(h) is upper semicontinuous in [I, 21. 
In fact, it is easy to see that for each X E [l, 21, F(h) = [0, 11. 
ACKNOWLEDGMENT 
The author is greatly indebted to Dr. F. S. Van Vleck for his advice during the writing 
of this paper. 
FIXED POINTS AND CONDENSING OPERATORS 517 
REFERENCES 
1. M. F. CHENG, “Some Aspects of Condensing Operators,” Ph.D. Thesis, Univ. of 
Kansas, 1975. 
2. J. K. HALE, Continuous dependence of fixed points of condensing maps, j. Math. 
Anal. dppl. 46 (1974), 388-394. 
3. C. J. HI~WVIELBERG, J. R. PORTER, AND F. S. VAN VLECK, Fixed point theorems for 
condensing multifunctions, PYOC. Amer. Math. Sot. 23 (1969), 635-641. 
4. W. R. MELVIN, Some extensions of the Krasnoselskii fixed point theorem, J. Differential 
Equations 11 (1972), 335-348. 
5. W. R. MELVIN, A class of neutral functional equations, J. Diflerentid Equations 12 
(1972), 524-534. 
6. B. N. SADOVSKII, On a fixed point theorem, Funkcional. Anal. i Prilozhen. 2 (1967), 
74-76. 
7. B. N. SADOVSKII, Limit compact and condensing operators, Uspehi Mat. Nmk. 271 
(1972). 81-146 (Russian); Eng. Trans., Russ. Math. Survey. 
8. Z. ARTSTEIN, “On Continuous Dependence of Fixed Points of Condensing Maps,” 
preprint, 1974. 
